Fermionic continuous spin field propagating in (A)dS space-time is studied. Gauge invariant Lagrangian formulation for such fermionic field is developed. Lagrangian of the fermionic continuous spin field is constructed in terms of triple gamma-traceless tensor-spinor Dirac fields, while gauge symmetries are realized by using gamma-traceless gauge transformation parameters. It is demonstrated that partition function of fermionic continuous spin field is equal to one. Modified de Donder gauge condition that considerably simplifies analysis of equations of motion is found. Decoupling limits leading to arbitrary spin massless, partial-massless, and massive fermionic fields are studied.
Introduction
In view of many interesting features of continuous spin gauge field theory this topic has attracted some interest in recent time [1] - [3] . For a list of references devoted to various aspects of continuous spin field, see Refs. [2, 4, 5] . It seems likely that some regime of the string theory can be related to continuous spin field theory (see, e.g., Refs. [6] ). Other interesting feature of continuous spin field theory, which triggered our interest in this topic, is that the bosonic continuous spin field can be decomposed into an infinite chain of coupled scalar, vector, and totally symmetric tensor fields which consists of every field just once. We recall then that a similar infinite chain of scalar, vector and totally symmetric fields enters the theory of bosonic higher-spin gauge field in AdS space [7] .
Supersymmetry plays important role in string theory and higher-spin gauge field theory. We expect that supersymmetry will also play important role in theory of continuous spin field. For a discussion of supersymmetry, we need to study bosonic and fermionic continuous spin fields. Lagrangian formulation of bosonic continuous spin field in flat space R 3,1 was studied in Ref. [2] , while Lagrangian formulation of bosonic continuous spin field in flat space R d,1 and (A)dS d+1 space with arbitrary d was discussed in Ref. [3] . Lagrangian formulation of fermionic continuous spin field in flat space R 3,1 was obtained in Ref. [1] . So far Lagrangian formulation of fermionic continuous spin field in (A)dS d+1 and R d,1 with arbitrary d has not been discussed in the literature. Our major aim in this paper is to develop Lagrangian formulation of continuous spin fermionic field in flat space R d,1 and (A)dS d+1 space with arbitrary d ≥ 3. 1 As by product, using our Lagrangian formulation, we compute partition functions of fermionic continuous spin fields in (A)dS and flat spaces and show that such partition functions are equal to 1. Considering various decoupling limits, we demonstrate how massless, partial-massless, and massive fermionic fields appear in the framework of Lagrangian formulation of fermionic continuous spin (A)dS field.
Lagrangian formulation of fermionic continuous spin field
Field content. To discuss gauge invariant and Lorentz covariant formulation of fermionic continuous spin field propagating in (A)dS d+1 space we introduce the following set of Dirac complexvalued spin- 1 2 , spin- 3 2 , and tensor-spinor fields of the Lorentz so(d, 1) algebra
where flat vector indices of the so(d, 1) algebra a 1 , . . . , a n run over 0, 1, . . . , d, while α stands for spinor index. In what follows, the spinor indices will be implicit. In (2.1), fields with n = 0 and n = 1 are the respective Dirac spin-
and spin- 3 2 fields of the so(d, 1) algebra, while fields with n ≥ 2 are the totally symmetric spin-(n + ) Dirac tensor-spinor fields of the so(d, 1) algebra. Tensor-spinor fields ψ a 1 ...an (2.1) with n ≥ 3 are considered to be triple gamma-traceless,
Dirac fields (2.1) subject to constraints (2.2) constitute a field content in our approach. In order to obtain a gauge invariant description of the continuous spin fermionic field in an easy-to-use form, we introduce bosonic creation operators α a , υ. Using the α a , υ, we collect all fields appearing in (2.1) into a ket-vector |ψ ,
We note that triple gamma-tracelessness constraint (2.2) can be represented asᾱ 2 γᾱ|ψ = 0. Lagrangian. Gauge invariant action and Lagrangian of the fermionic continuous spin field we found take the form 
8)
10)
κ 0 and µ 0 − dimensionfull parameters, (2.11) 12) where the R stands for a radius of (A)dS space. The following remarks are in order. i) Our Lagrangian depends on two arbitrary dimensionfull parameters κ 0 , µ 0 and on ρ (2.12).
ii) The one-derivative operator E (1) (2.6) coincides with the one-derivative contribution to the FangFronsdal operator that enters Lagrangian of fermionic massless field in (A)dS space. Gauge symmetries. In order to describe gauge transformation of continuous spin field we use the following gauge transformation parameters: 13) where α stands for spinor index which will be implicit in what follows. In (2.13), gauge transformation parameters with n = 0 and n = 1 are the respective spin- Dirac fields of the Lorentz so(d, 1) algebra, while gauge transformation parameters with n ≥ 2 are totally symmetric γ-traceless spin-(n + 1 2 ) Dirac fields of the Lorentz so(d, 1) algebra,
In order to simplify the presentation of gauge transformation we use the oscillators α a , υ and collect all gauge transformation parameters appearing in (2.13) into ket-vector |ξ defined by the relation
In terms of the ket-vector |ξ , γ-tracelessness constraints (2.13) are represented as γᾱ|ξ = 0.
We now find that our Lagrangian (2.4)-(2.7) is invariant under a gauge transformation given by (2.16) . This is to say that, operators E and G for fermionic totally symmetric massless, massive, conformal, and continuous spin fields in (A)dS depend on the oscillators α a ,ᾱ a , the Dirac γ-matrices, and on the derivative D a in the same way as operators E (2.5)-(2.7) and G (2.16). Namely, operators E and G for fermionic totally symmetric massless, massive, conformal, and continuous spin fields in (A)dS are distinguished only by the explicit form of the operators e Γ 1 , e 1 , andē 1 . For the reader convenience we note that, for massless fields in (A)dS d+1 , the e Γ 1 , e 1 , andē 1 take the form
For spin-(s +
) and mass-m massive (A)dS field, the operators e Γ 1 , e 1 , andē 1 can be read from expressions (2.18)-(2.21) in Ref. [8] . 2 For fermionic conformal fields in flat space, the operators e Γ 1 , e 1 , andē 1 can be read from expressions (3.31)-(3.34) in Ref. [13] . For fermionic conformal fields in (A)dS space, explicit expressions for the operators e Γ 1 , e 1 , andē 1 are still to be worked out.
(Ir)reducible classically unitary fermionic continuous spin field
Our Lagrangian (2.4) depends on the two parameters κ 0 and µ 0 . In this Section, we find restrictions imposed on the κ 0 and µ 0 for irreducible and reducible classically unitary dynamical systems. Let us start with our definition of classically unitary reducible and irreducible systems. i) Lagrangian (2.4) is constructed out of complex-valued Dirac fields. In order for the action be hermitian the κ 0 (2.8) should be real-valued, while the quantity F υ (2.10) should be positive for all eigenvalues N υ = 0, 1, . . . , ∞. Introducing the notation
we note then that, depending on behaviour of the F υ (n), we use the following terminology
F υ (n r ) = 0 for some n r ∈ 0, 1, . . . , ∞, reducible system.
Relation (3.2) tells us that, if F υ (n) (3.1) is positive for all n, then we will refer to fields (2.1) as classically unitary system. From (3.3), we learn that, if F υ (n) (3.1) has no roots, then we will refer to fields (2.1) as irreducible system. For this case, Lagrangian (2.4) describes infinite chain of coupling fields (2.1). From (3.4), we learn that, if F υ (n) (3.1) has roots, then we will refer to fields (2.1) as reducible system. For the reducible system, Lagrangian (2.4) and gauge transformation (2.16) are factorized and describe finite and infinite decoupled chains of fields. From now on we assume that κ 0 is real-valued. Using definitions above-given in (3.2)-(3.4), we define (ir)reducible classically unitary systems as follows
irreducible classically unitary system; (3.5)
F υ (n r ) = 0 for some n r ∈ 0, 1, . . . , ∞ , F υ (n) > 0 for all n = 0, 1, . . . , ∞ and n = n r reducible classically unitary system. (3.6)
We now consider (ir)reducible classically unitary systems for flat, AdS, and dS spaces in turn. Flat space, ρ = 0. Setting ρ = 0 in (3.1), it is easy to see that restrictions (3.5),(3.6) amount to the following restrictions on the parameters κ 0 and µ 0 :
µ 0 < 0 , κ 0 − arbitrary , for irreducible classically unitary system, (3.8)
Below, we demonstrate that µ 0 is related to conventional mass parameter m as µ 0 = m 2 (see (4.17) for ρ = 0). This implies that the cases µ 0 = 0, µ 0 > 0, and µ 0 < 0 are associated with the respective massless, massive, and tachyonic fields. Note that, for the case of (3.9), we have F υ (n) ≡ 0 and this case describes a chain of conventional massless fields in flat space which consists of every spin just once. Case µ 0 = 0 (3.7) describes massless continuous spin field. For such field in R 3,1 , alternative representation for gauge invariant Lagrangian was obtained first in Ref. [1] . Case µ 0 < 0 (3.8) describes tachyonic continuous spin field in flat space. Lagrangian gauge invariant description for fermionic massless continuous spin field in R d,1 , d > 3, and fermionic tachyonic continuous spin field in R d,1 , d ≥ 3, has not been discussed in earlier literature. We expect that our continuous spin field with µ 0 < 0 (3.8) is associated with tachyonic UIR of the Poincaré algebra. Tachyonic UIR of the Poincaré algebra are discussed, e.g., in Ref. [14] .
Ignoring restrictions (3.2), (3.3), we find that restriction (3.4) leads to interesting reducible system. Namely, setting ρ = 0 in (3.1), we see that the equation F υ (s) = 0 gives
Inserting ρ = 0 and κ 2 0 (3.10) into (3.1), we get
Now decomposing ket-vectors |ψ , (2.3) and |ξ (2.15) as
14) 15) and using ρ = 0 and F υ as in (3.11), we verify that Lagrangian (2.4) and gauge transformation (2.16) are factorized, 17) where E, G are given in (2.5),(2.16). Thus, for values of the parameters µ 0 and κ 0 given in (3.10), we see from (3.16), (3.17) that our Lagrangian and gauge transformations describe two decoupling fields |ψ 0,s and |ψ s+1,∞ . As κ 0 (3.10) is real-valued, we have µ 0 > 0. Using the notation µ 0 = m 2 , we note that the field |ψ 0,s describes a fermionic classically unitary spin-(s + 
Type II solutions for AdS:
Type III solutions for AdS:
24) 
where, for the reader convenience, we introduce conventional mass parameter m (3.27). 4 Lagrangian (2.4) with κ 0 and µ 0 as in (3.27), (3.28) describes the reducible classically unitary system. Namely, let us decompose ket-vectors |ψ (2.3) and |ξ (2.15) as
where ket-vectors |ψ M,N , |ξ M,N are defined in (3.13),(3.15). Then we can verify that Lagrangian (2.4) and gauge transformation (2.16) with κ 0 and µ 0 as in (3.27) are factorized as
where E, G are given in (2.5), (2.16). In other words, L 0,s and L s+1,∞ (3.31) are invariant under transformations governed by gauge transformation parameters |ξ 0,s−1 and |ξ s,∞ respectively. The three Statements above-discussed are proved by noticing that F υ (n) (3.1) has at most two roots. Thus we have to analyse the following three cases: 1) F υ (n) has no roots; 2) F υ (n) has one root; 3) F υ (n) has two roots; We analyse these cases in turn. i) Solution without roots of F υ (n). Using (3.1) , we note that equations (3.5) can alternatively be represented as
We now see that, for dS space (ρ > 0), equation (3.33) has no solution. For AdS space (ρ < 0), we find that, depending on values of µ 0 , equation (3.33) leads to Type IA, IB, II and III solutions. ii) Solution with one root of F υ (n). Using the notation n r = s for one root of F υ (n), we see that Eqs.(3.6) amount to
First we note that the equation F υ (s) = 0 leads to the following restrictions on µ 0 and κ 0
Inserting µ 0 , κ 0 (3.35) into (2.10), we cast the F υ into the following form
Lagrangian (2.4) with F υ given in (3.36) describes reducible system of continuous spin field. This is to say that if we decompose |ψ and |ξ as in (3.29), (3.30) then we can check that Lagrangian (2.4) and gauge transformation (2.16) are factorized as in (3.31), (3.32). Second, using µ 0 , κ 0 (3.35) and considering inequalities F υ (n) > 0 in (3.34), we find the following restrictions on m 2 :
for AdS; (3.37)
We note that for the derivation of inequalities in (3.37), (3.38) it is convenient to use representation for F υ given in (3.36). We note also that the left inequalities in (3.37), (3.38) are obtained by requiring F υ (n) > 0 for n = 0, 1, . . . , s − 1, while the right inequalities in (3.37), (3.38) are obtained by requiring F υ (n) > 0 for n = s + 1, . . . , ∞. It is easy to see that, for dS, inequalities (3.38) are inconsistent, 5 i.e., for dS, Eqs.(3.6) with one root n r = s do not have solutions. For AdS, we see that (3.35), (3.37) lead to (3.27) , (3.28) . iii) Solution with two roots of F υ (n). Denoting two roots of Eqs.(3.6) as s, S,
it is easy to see Eqs.(3.39) amount to the following relations
Inserting µ 0 , κ 0 (3.40), (3.41) into (2.10), we find the following representation for F υ :
Lagrangian (2.4) with F υ as in (3.42) describes reducible system of continuous spin field. Namely let us decompose ket-vectors |ψ (2.3) and |ξ (2.15) as
where the ket-vectors |ψ M,N , |ξ M,N are defined in (3.13),(3.15). Then we can verify that Lagrangian (2.4) and gauge transformation (2.16) with κ 0 and µ 0 as in (3.40),(3.41) are factorized,
where E, G are given in (2.5), (2.16). In (3.45), (3.46), we assume that if s = S, then |ψ s+1,s ≡ 0. Note that classically unitary system with s = S is described by (3.27) 5 The left inequality in (3.38) tells us that m 2 should be bounded from below, while from the right inequality in (3.38) we learn that m 2 = −∞. Note that the right inequality in (3.38) is obtained by requiring F υ (n) > 0 for n = ∞.
fermionic massive spin-(s +
) field in AdS (dS). Mass parameters of the fermionic fields |ψ 0,s and |ψ s+1,S are given by
Mass parameter (3.48) can be represented in the form
which tells that us that |ψ s+1,S describes a spin-(S +
) and depth-k partial-massless fermionic field. For S = s + 1 (k = 0), this field turns out to be spin-(S + ) massless fermionic field. 6 
Partition function and modified de Donder gauge condition
In this section, we are going to demonstrate that a partition function of the fermionic continuous spin field is equal to one. Namely, using gauge invariant Lagrangian (2.4), we find the following expression for the partition function Z of the fermionic continuous spin field
where, in (4.2), a determinant is computed on a space of the Lorentz so(d, 1) algebra spin-(n + 1 2 ) Dirac field subject to γ-tracelessness constraint. Note also that in (4.1) we assume the convention
, we see immediately that the partition function of the fermionic continuous spin field is equal to one, Z = 1.
Alternatively, Z (4.1) can be cast into more convenient form by using general formula for the .2), with assumption that the determinant is computed on space of the gamma-traceless and divergence-free spin-(n + 
Using (4.5), we see that Z −1 n (4.1) can be represented as
Using (4.6), we find then, for fermionic continuous spin field in (A)dS and flat spaces, the same cancellation mechanism as for higher-spin fields in flat space [17] . Namely, from Z (4.1) and Z n (4.6), we see the cancellation of determinant of the physical spin-(n +
) field and ghost determinant of spin-(n+ 3 2 ) field. Note that Z is equal to 1 without the use of special regularization procedure required for a computation of partition functions of higher-spin (A)dS gauge fields (see, e.g., Ref. [17] ).
Representation for the partition function given in (4.1) can be obtained from Lagrangian (2.4) by using the well-known technique discussed in the earlier literature (see, e.g., Refs. [18] - [20] ). Here, instead of a repetition of the well-known technicalities, we prefer to demonstrate how the expression for partition function of continuous spin fermionic field (4.1) leads to partition functions of massless, partial-massless and massive fermionic fields. Also we present our modified de Donder gauge for fermionic fields which allows us to obtain in a straightforward way the mass terms M ), depth-(S − s − 1) partialmassless field. Partition function for such field is obtained from (4.1) by considering contribution of Z n with n = s + 1, s + 2, . . . , S. Doing so, we get
where Z n entering (4.7) takes the same form as in (4.1), while M 2 n is obtained by inserting µ 0 (3.41) into (4.3). ) and depth-(S − s − 1) partial-massless field
where M ) massless field
(4.10)
Massive field. As we noted, if κ 0 and µ 0 take values given in (3.35), then field |ψ 0,s appearing in (3.29) describes spin-(s+ 1 2 ) and mass-m massive field. Partition function for such field is obtained from (4.1) by considering the contributions of Z n with n = 0, 1, . . . , s. Doing so, we get
where Z n entering (4.11) takes the same form as in (4.1), while M 2 n is obtained by inserting µ 0 (3.35) into (4.3) ,
Using (4.4) and M 2 n (4.12), we verify relation (4.5). Using then (4.5) for n = s, we find that Z (4.11) takes the well-known form of partition function for spin-(s + 1 2 ) and mass-m massive fermionic field
Modified de Donder gauge. Now we outline the derivation of the mass terms M 2 n (4.3) entering the determinants in (4.1), (4.2) . To this end we propose to use a gauge condition which we refer to as modified de Donder gauge. A modified de Donder gauge is defined as follows
14)
bosē 1 , (4.15) 16) where the operators e Γ 1 , e 1 ,ē 1 are given in (2.8), (2.9) . By analogy with Lagrangian (2.4) and gauge transformation (2.16), the representation for modified de Donder gauge given in (4.14)-(4.16) is universal and valid for arbitrary theory of fermionic totally symmetric (A)dS fields (see our discussion below Eq.(2.16)).
Using (4.14), we verify that first-order equations of motion obtained from Lagrangian (2.4) lead to the following second-order equations for |ψ :
where ✷ / is given in (4.2). From (4.17), we see that, as we have promised, for flat space (ρ = 0), the parameter µ 0 can be interpreted as square of the conventional mass parameter m, µ 0 = m 2 . Gauge-fixed equations of motion (4.17) are invariant under on-shell leftover gauge transformation that are obtained from (2.16) by the substitution |ξ → |Ξ , where the |Ξ satisfies the following equations of motion:
We note that ket-vector |Ξ is obtained from (2.15) by the substitution ξ a 1 ...an → Ξ a 1 ...an . To cast equations (4.17) into decoupled form, we decompose triple γ-traceless ket-vector |ψ , (γᾱ) 3 |ψ = 0, into three γ-traceless ket-vectors |ψ I , |ψ Γ , and |ψ II , |ψ = |ψ I + γα|ψ Γ + α 2 |ψ II , γᾱ|ψ τ = 0 , τ = I, Γ, II , Inserting |ψ (4.19) into (4.17), we obtain decoupled equations for |ψ τ , τ = I, Γ, II: To conclude, we developed Lagrangian gauge invariant formulation for fermionic continuous spin field in (A)dS. We used our formulation to demonstrate that a partition function of the fermionic continuous spin field is equal to 1. Lagrangian descriptions of bosonic and fermionic continuous spin (A)dS fields obtained in Ref. [3] and in this paper provide possibility to discuss supersymmetric theories of continuous spin (A)dS fields. Recent interesting discussion of Lagrangian formulation for supermultiplets in AdS and flat spaces may be found in Refs. [24, 25] . Needless to say that a problem of interacting continuous spin fields also deserves to be studied. Various light-cone gauge methods discussed in Refs. [26] - [31] might be helpful for this purpose. Use of Lorentz covariant methods (see, e.g., Refs [32] - [36] ) for study of interacting continuous spin fields could also be of some interest. Our modified de Donder gauge leads to simple equations of motion for fermionic fields. We think therefore that such gauge might be useful for studying various aspects of (A)dS field dynamics along the lines in Refs. [37, 38] .
